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Abstract 

We propose group theory interpretation of the integral representation of the quan- 
tum open Toda chain wave function due to Givental. In particular we construct the 
representation of U(qI(N)) in terms of first order differential operators in Givental 
variables. The construction of this representation turns out to be closely connected 
with the integral representation based on the factorized Gauss decomposition. We also 
reveal the recursive structure of the Givental representation and provide the connec- 
tion with the Baxter Q-operator formalism. Finally the generalization of the integral 
representation to the infinite and periodic quantum Toda wave functions is discussed. 
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1 Introduction 



In 1996 A. Givental proposed a new integral formula for the common eigenfunction of open 
Toda chain Hamiltonian operators [Gij (see also |.TKj ) . The first non trivial Hamiltonian 
operator of the N particle open Toda chain is given by 



,2 N r, 2 N-1 



2 dxj 
i=i 1 i=i 



The new integral formula for the common eigenfunction is given by the following multiple 
integral [Hi]. [JK]: 



N-1 k 



^x u ...,x n (Tn,i,...,T n , n ) = f e^V) "Q f[ dTk . } (1.2 

^ r k=l i=l 



where T^i := Xi, the function J-n(T) is given by 

N k N-1 k 

T N {T) =^J2 X *{ y E T ^-Y, "EE (e Tfc+ ^- T ^ + e T ^~ T ^) , (1.3) 

k=l i=l i=l k=l i=l 

and the cycle T is a middle dimensional submanifold in the N(N — l)/2- dimensional complex 
torus with coordinates {exp T^, i = 1, . . . , k; k = 1, . . . , N — 1} such that the integral 
converges. In particular one can choose T = M Ar< - Ar ~ 1 - ) / 2 . This integral representation was 
motivated by the constructions of the Quantum Cohomology of the flag manifolds and its 
description in mirror dual Landau-Ginzburg model. 

Basically two different regular approaches to the problem of the explicit construction 
of the integral representations of the open Toda chain wave function are known. The first 
goes back to B. Kostant (1978) and reduces the eigenvalue problem to the construction of a 
particular matrix element of an irreducible representation of the corresponding Lie algebras 
[KolJ, [STS . Several integral representations of this matrix element are known |Schj . 
[St], [GTvMMMO . This approach may be generalized to the periodic Toda chain using the 
representation theory of the affine Lie groups but has not yet lead to the explicit integral 
formulas for the wave functions in the periodic case. 

Another approach is based on the Quantum Inverse Scattering Method (QISM) [Fj, |KSj . 
applied to both open and periodic quantum Toda chains in [Guj . [Gaj . [Sklj . The explicit 
integral representations for the eigenfunctions in this framework were constructed in [KLlj . 
[KL2 , [KL3J. The explanation of this representation for the open Toda chain in terms of 
the representation theory of Lie groups was given in |GKLlj (see also |GKL2p and was 
based on the generalization of the Gelfand-Zetlin construction [GZj , [GG] to the case of the 
infinite-dimensional representations of U(qI(N)) proposed in [GKLlj . 

Thus the representation theory provides a unifying framework for the constructions of the 
integral representations of the wave functions of open Toda chain. This naturally raises the 
question of the interpretation of the integral formula (jl.2J) , (jl.3|) in terms of the representation 
theory. 
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In this note we demonstrate that the explicit integral representation (|1.2|) . ()1.3|) for A" 
particle open Toda chain naturally arises in representation theory approach. It is based on a 
particular parameterization of the upper/lower triangular parts of the Gauss decomposition 
of the group element of GL(N,M). This parameterization is close to the factorization into 
the product of the elementary Jacobi matrices (see e.g. p3FZ|) but is slightly different. 
An interesting property of this parameterization is that it provides a simple construction 
of the principal series representation of the universal enveloping algebra U(qI(N)) acting 
in the space of functions on the totally positive unipotent upper-triangular matrices. The 
representation is given by the following explicit expressions for the images e\ N -\ i,j = 
1, . . . , N oi the generators of gl(N) as the first order differential operators in variables T k ^, 
i = l k; k = 1 N- 1 




42i = I ^e^-^-^-*-^ ]( — ^ ) . (1,1) 



dT s>i+1 dT s . 



k=i \ s=i 

where /4 = —iftr l \i — p\ \ \ G M. N , pf^ = |(AT — 2i + 1), i = 1, . . . N and we assume 
that Tjv,i = and Yli = for i > j. The functions of the variables are identified with 
the functions on the subspace of the totally positive unipotent upper-triangular matrices. In 
the following we will use the term Gauss-Givental representation for this representation and 
the resulted representation of the open Toda wave function. 

Let us stress that the Gauss-Givental representation is closely related with the recursive 
structure of the open Toda chains |Sk2j . In particular there exists the explicit integral recur- 
sion operator connecting the wave functions of the N — 1 particle and the A" particle Toda 
chains. The iterative application of this operator provides a simple independent derivation of 
the integral representation |Gij . |JK| . Note that the recursion operator is closely connected 
with the Baxter Q-operator for periodic Toda chain |Gaj . |PG| . Thus from this point of 
view, the Gauss-Givental representation is a direct consequence of the generalized Baxter Q- 
operator formalism. This provides another relation between representation theory and QISM 
approaches to the solution of open Toda chain. Note that the similar iterative procedure also 
based on Baxter Q-operator was used in |GKLlj to get another integral representation in 
Gelfand-Zetlin parameterization. Finally let us remark that in [St] the iterative construction 
of the Whittaker function was proposed in the framework of the Iwasawa decomposition of 
the group element. It is easy to see that after simple manipulations this iterative procedure 
may be reduced to the one discussed in this paper. 

The plan of the paper is as follows. In Section 2 we construct a representation of U(qI(N)) 
in terms of differential operators using a particular parameterization of the totally positive 
upper-triangular matrices. In Section 3 we derive the integral representation for the Toda 
chain wave function using this parameterization and show that integral representation ob- 
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tained in this way coincides with the representation proposed by Givental. In Section 4 we 
rederive the integral representation using the iterative procedure and discuss the connection 
with Baxter Q-operator formalism. In Section 5, using the results of the previous section, 
we consider a generalization of the integral representations of wave function to infinite and 
periodic Toda chains. We conclude in Section 6 with the discussions of further directions of 
research. In the Appendices A and B the proofs of various statements from the main part 
of the text are given. 
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discussions. The research was partly supported by grants CRDF RM1-2545; INTAS 03- 
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Oblezin would like to thank l'lnstitute des Hautes Etudes Scientifiques and the Max-Planck- 
Institut fiir Mathematik for support and warm hospitality. The research of S. Oblezin was 
also partly supported as a Independent University Mobius Prize Fellow. 



2 Representation of U (qI(N)) 

In this section we construct a particular realization of the principal series representation of 
U(g(N)) acting in the space of functions on the subset of the totally positive elements of the 
nilpotent subgroup of G — GL(N, R). 

Let N + be a unipotent radical of the Borel subgroup B + of the group G. We fix the 
choice of this subgroups by considering the elements of B + as upper triangular matrices and 
the elements of N + as upper triangular matrices with unit diagonal. We define the subset 
N+~^ C N + of the totally positive unipotent upper-triangular matrices. The matrix x G N + 
is called totally positive if all its not identically zero minors are positive real numbers (for 
details see e.g. BFZ]). Consider the subspace of functions M M C M = Fun{G) equivariant 
with respect to the left action of the opposite Borel subgroup of the lower-triangular matrices 

B_ C G: f(bg) = X^b)f(g), where b G £>_, = (ji™ , . . . ,/$°) and = f[ \b u \^ 



is 



i=l 

a character of B-. 



The right action of the group on M M defines a realization of the principal series repre- 
sentation of GL(N, R) for = -i/r 1 ^ - pf\ where \ G R and p[ N) = |(JV - 2i + 1), 
% = 1, . . . N are the components of the vector p := \ J2 a >o a m ^ ne standard basis of M. N . 
Let by the set of functions on the totally positive unipotent upper-triangular matrices. 
We will consider the representation of the universal enveloping algebra U(gl(N)) in 
induced by the above construction. Let e^- stand for the elementary N x N matrix with the 
unit at the place and zeros otherwise. Consider the set of the diagonal elements param- 

k N 

eterized as follows £4 = eTk,ie i,i+ ^2 e i,i- Define the following set of the upper-triangular 

i=l i=k+l 
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matrices 

k N k-1 



i=l i=fc+l i=l 

Then any totally positive element x G iV+ + ^ can be represented in the following form: 

x = U 2 U^U 3 U^ ■ ■ ■ U N - X U^_ X U N , (2.2) 

where we assume that Tjv.i = 0. This can be easily verified using the connection with the 
parametrization of the upper triangular matrices in terms of the product of the elementary 
Jacobi matrices (see e.g. jBFZj ). namely, an arbitrary element x G can be represented 
as follows: 



N-i / k 

X = 

k=l \ i=l 



II i+Xl^M+i > ( 2 - 3 ) 



where the variables are positive numbers. The comparison of ([2.2)1 . ()2.3|) leads to the 
following relations: 

y k ,i = e Tk ''- Tk +^ +1 . (2.4) 



(+) 



Now let us use this parameterization to construct a representation of U(gi(N)) in M f 
The images, E^\ of the generators of U(qI(N)) in the representation induced from the one 



dimensional representation of the Borel subalgebra are defined as follows. Let E^fp be a first 
order differential operator in such that for any / G M M one has 



E^f(x) = ^-f(x(l + ee hJ ))\ €=0 . (2.5) 



Proposition 2.1 The following differential operators define a representation -n^ of gl(iV) 
in M M : 



i-l AT-1 Q 

a v — > a 



, ^ 9TN+k-i,k 9Tk,i 

*$U - 1 (t^^f^ - 55^— ) , (2-6) 



n=l \ fc=n 



where we assume that Tjvi = and omit t/ie derivatives over T it ~, % < j. 



-N +n— i— l,n— 1 



The proof is given in the Appendix A. 
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3 Integral representation of the wave function 



3.1 Matrix elements as open Toda wave functions 

In this section we construct an integral representation of the wave function of the open Toda 
chain corresponding to the representation tt^ of U(qI(N)) introduced in the previous section. 
The construction can be done using either Gauss or Iwasawa decompositions of the group. 
In the paper we will use the Gauss decomposition and the corresponding Whittaker model 
of representation. 

We first recall some facts from |Ko2j . Let n + and n_ be two nilpotent subalgebras of 
Ql{N) generated, respectively, by positive and negative root generators. The homomorphisms 
(characters) x+ '■ n + ~ ¥ C, X- '■ ► C are uniquely determined by their values on the simple 
root generators, and are called non-singular if the complex numbers X+O^i+i) := £,r an d 
X-iE^lj) := £l ^ are non-zero for alH = 1, . . . , N — 1. 

Let V be any [7(jj[(iV))-module. A vector ip R e V is called a Whittaker vector with 
respect to the character x+ if 

E^>=$^\ (* = 1 JV-1), (3.1) 

and an element tpL &V is called a Whittaker vector with respect to the character X- if 

MSA m =^-¥ L N \ «=1,..,JV-1). (3.2) 

A Whittaker vector is called cyclic in V if U(gl(N))vp = V, and a {7(g[(iV))-module is 
a Whittaker module if it contains a cyclic Whittaker vector. The ?7(g[(iV))-modules V and 
V are called dual if there exists a non-degenerate pairing (.,.): V X V — > C such that 
(v',Xv) = — (Xv',v) for all v G V, v' 6 V and X e Ql(N). Let us assume that the action 
of the Cartan subalgebra is integrated to the action of the Cartan torus. An eigenfunction 
of the open Toda chain can be written in terms of the pairing as follows 

^\T NA , . . .,T N>N ) = e -E*V,P^W , ^(e-E^VjfO) , (3.3) 

where //^ = — ih^Xk — pjj, and p% = ^(N — 2k + 1), k = 1, . . . N are the components 
of the vector p := | ct in the standard basis of IR . Let be the radial projections of 

c*>0 

generators of the center of the universal enveloping algebra U(qI(N)), defined by 

H k ^\T N>1 , . . . ,T NjN ) = e-^^\4 N \^(e-^ E ^) Ck ^). (3.4) 

One can show that provide the complete set of commuting Hamiltonians of the open 
Toda chain model. 



3.2 Matrix element in Gauss-Givental parameterization 

We are going to write down the matrix element ()3.3|) explicitly in the Gauss-Givental rep- 
resentation introduced above. Let us start with construction of the Whittaker vectors i/j^ 
and ' . 
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Proposition 3.1 The functions 

'N-l N-l 



i=l k=i 



'N-l k N-l N-i 



and 

4 N) = exp IJ2 E(A** - + E ^ E e T — " T — \ , (3.6) 

t fc=i i=i i=i fc=i J 

are solutions of the linear differential equations \3. 1)) and \3. ty) (we assume that T/v,i = Oj. 

Proof. The proof is based on the recursion properties of the Whittaker vectors i^^r anc ^ * s 
given in the Appendix B. 

Evidently, the Whittaker modules V := U(Ql(N))ip { ^ ) and V := f7(0l(jV))V>j?° are 
spanned by the elements n^T/ ili=i e nk ' iTh ' i ip^l, where n^i G Z. 

Now we construct the pairing between V and V. Define a measure of integration over 
A r | + ' ) as cg>tv = Af =1 e Tfc ' i <iT/ Cj j, and for any G V, ^ G introduce the following pairing: 



(0, ip) = j uj n (j)(T)ip(T) , ( 3 _ 7 ) 
r 

where the integration contour T is chosen in such a way that the integral ()3.7|) is convergent 
for = and ^ = . Then the convergence for arbitrary elements (j) G V and 
follows. 

Lemma 3.1 The pairing \3. 7\ ) is non- degenerate and satisfies the following condition 

<0,A^> = -<X0,V>, (3.8) 

for any X G Ql(N). 

Now we are ready to find the integral representation for the pairing (jrS.rij) . To get the 
explicit expression for the integrand one should make a choice. For example, the group 
element e Hm = exp(— ^2f =1 T Nyi E^) can act on the right vector t/>^ or on the left vector 

. We use the most symmetric choice. Let us represent the Cartan group element in the 
following way 

rr(N) rr(.N) „(iV) 

e H = e H t e H R = 

(N-l N-l g -\ ( N N i—1 q "j (3.9) 

^ exp 1 § Tn - £ ^ r \ ~ 5 Tn - ~ 5 Tk * £ I • 

Then we suppose that acts on the left vector and acts on the right vector in ()3.3|) . 
Taking into account the results of the last lemma one obtains the following theorem. 
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Theorem 3.1 The eigenfunction of the open Toda chain defined by \3. \3. Ij) has the 

following integral representation 

/( N k k-l \ 

[ k=l i=l i=l J 

r (3.10) 

{N-1 N-i N-1 N-1 N-1 k 

Y & Y e Th ^ h ~ Th ^ k + Y^Y e Tk -~ Tk+1 - +1 \ J] J] dT Ki . 
i=l k=l i=l k=i ) k=l i=l 

The integral representation ()3.1()|) coincides with ljl.2j) . (jl.3j) . if we set £)j = £^ = —ftT 1 . In 
this case one can choose the contour to be T = M Ar ( 7V " 1 )/ 2 . 

3.3 Connection with another parametrization 

It is useful to compare the integral representation obtained above with one in [GKMM MOj , 
which is based on a more standard parameterization of the group element. Let us recall 
this construction. We parameterize the unipotent upper triangular matrices \\xij\\ by its 
elements Xij, 1 < % < j < N. In the corresponding realization of the representation of 
U(gl(N)) the action of the generators of the algebra is given by the differential operators in 
Xij. The measure of integration entering the definition of the pairing between two vectors 
in this realization is given by 

iJ - N N ~ X A N dr - ■ 
N — '\=1 /x j=i+l ax i,j- 

Let us find the right Whittaker vector in this realization. Integrating the action of the 
algebra n + to the action of the group N + the equation for the right Whittaker vector can be 
written in the form 

7r M (z)V#°(s) = e^-^'+^Or), 

for any z G iV + . Thus we should find the one-dimensional representation of the group 
of upper-triangular matrices. Note that the additive character of this group is easily con- 
structed using the fact that the main diagonal behave additively under the multiplication. 
Exponentiating this character we get a one-dimensional representation: 

N-1 

^\x)= (3.11) 

i=l 

Similarly, the left vector should satisfies the condition 

\x) = e^^^^ L N \x), 

for any z G iV + . To construct such vector we use an inner automorphism which maps the 
unipotent upper-triangular matrices to the unipotent lower-triangular matrices. Consider 
the matrix (wo)ij = Si + j t N+i acting as z — > w^zwq. We have w^N+wq = AL where iV_ is 
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opposed to iV + . It is easy to check that we can define ip^^x) = ip^\xw 1 ). An explicit 
calculation gives the following result 



N-l (j) A i i+1 (xw 1 ) 

iP { L N \x)=Y[lA i (xWo 1 ) fl '- fl ' +1 e L ^(-o^ }, (3.12) 

i=l 

where Aj(M) denotes the principle ixi minor of the matrix M and Ajj +1 (M) denotes the 
determinant obtained from Aj(M) by interchanging the z-th and (i + l)-th columns in M. 

Consider the decomposition ()2.3|) of a totally positive unipotent upper-triangular matrix 
x where we assume that y^j are defined through ly by the relation 

Vki = e r fc , ! -r fc+lil+1 -T J v, l +r JV , i+1 _ 

It is worth comparing the parameterizations (|2.4j) and ()3.13|) . The difference between 
the two reflects the fact that in [GKMMMOJ the group element entering (|3.3J) acts on the 
right vector in the integral representation. This difference may be compensated by the shift 
of the integration variables T^i — > Tk t i — Tjv,i thus reconciling (|2.4|) and ()3.13j) . 



Following BFZJ, one can express the minors through the variables yt,i as well as T^j and 
establish the following 

Proposition 3.2 The following expressions for the minors of xw^ 1 in terms of the variables 
yk,i and T kii hold: 

N-1 N-1 

o Tk , i — Tk + 1 , i + 1 + TV, i + 1 — TV , i 



— yk,i — 



k=i k=i 
N-1 k 



Mxw ') = i-iy- 1 n n y kJ =(-iy-^^- T ^, (3.i4) 

k=i j=k—i+l 



. , _x\ N-1 N-1 N-i 

*\,i+l\ xw ) \ ^ TT ym+l,m-i+l \ ^ T, 



e: 



k + i,k~ + 



\ ^ TT y m +l,m-i+l _ \ ^ 

A^XWo 1 ) ~ , 2/m,m-i+l _ 

v u ' k=i m=k ' k=l 

where we assume yN,k = 1- 

Using the above relations it is easy to see that the integral representation given in 
GKMMMO reduces to the Gauss-Givental representation. The direct between the two 

integral representations gives also an explicit definition to the integration contour used in 
GKMMMOj . 



4 The Baxter Q— operator induction over the rank 

4.1 Induction over the rank and the Gauss-Givental construction 

The easiest way to construct the Whittaker vectors in the Gauss-Givental parameterization 
uses the recursive structure of this parameterization. It is shown in Appendix B that using 
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the conjugation by the operators 



_ V- >)t ( ( n n_1 

2° = e~~* r "' exp £r n>i - £t b _ m ) + 



v i=l i=l 



(4.1) 



i=l 



and 



n— 1 


n 

+ E r » 


i-l 

,-E 


i=2 


k=i 








i=l 


— l,z ^n,i+l 


V 



d 



dT k 



x 



(4.2) 



cxp 



' n— 2 n—2 q n—1 i—1 q 



" 9T M i=2 ' fc= i #7fc+(n-l-t),* 

one can obtain the iterative representations for the Whittaker vectors in the form 

<»=e<* S Sf , ---4 2, 'l, (4-3) 

^,TO =e »r s W... s W. L (4.4) 

Let us define 

N-l 

R = e -ZiT N M N) . JJ e (N-i)(T N - hi -T N;i ) _ 
i=l 

Then by direct calculation we can prove the following recursive relation for the Cartan 
elements 



where 

Q\^(Tn,i, Tn,n', 7jv-i,i, • • • , Tjv_i,jv-i) 

{> AT JV-1 1 JV-1 

^(E r « " E " H E (e^-* + e" 

fc=l fe=l fe=l 

Taking into account these recursive relations we obtain 



R ■ Sf ) e -S^^' S (f) = e-E^-i^-^Qf ) . e-S^-^r 1 ', (4.6) 



(4.7) 



Proposition 4.1 



. N-l 

/ QZ\ T n,i, ■ ■ • ^iv-i.JV-i)*^...^-^ 7 ^- 1 . 1 ' • • • J^V-l.JV-l) II ^ 

i=l 



N,N) 

\ - 1 

JT 

JV-l,i 



(4.8) 
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Proof. Direct calculation. 

Thus, the integral operator transforms the common eigenfunctions of N — 1 particle 
open Toda chain Hamiltonians to the ones for iV particle open Toda chain Hamiltonians. 
Therefore, one can rederive Givental's integral formula by applying iteratively integral op- 
erators Q ™\ 1 < n < N . In the next subsection we provide a more conceptual proof of the 
Proposition 14.11 and discuss the connection with Baxter's Q-operator formalism. 



4.2 Recursive derivation and Baxter Q— operator 



Surprisingly, the Gauss-Givental representation has a direct connection with the formalism 
of the recursion operator [KLlJ and thus a close relation with the Baxter Q-operator and 
the QISM approach. Below we rederive this integral representation using the recursion 
procedure. Let us first recall the formalism of the Lax operators (see e.g. |Gaj ). In this 
subsection we set £^ = (£/ = —fr x for simplicity. 

Consider the following N x N Lax operators 



f Pi 10 



P2 1 














V o o 



e x N _ 2 -x N _ 1 



e *N-i-XN pN J 



(4.9) 



where p n = —ih-J?—. The generating function for the Hamiltonians of the N particle 
open Toda chain is defined as 



N 



det( M - L N ) = ^(-l) n u N ~ n HW . 



(4.10) 



n=0 



The determinant An(u) = det(u — Ln) with non-commutative elements is defined iteratively 

A n {u) = (u- Vn )A n _ x {u) - e^-^A^iu), (4.11) 

for n = 1, 2, . . ., where A-i(u) = 0, Aq(u) = 1. 

For any function / G FunlR^ -1 not growing too fast at infinity, let 



Q { u N) (xi, ■ ■ ■ , x N ; y u . . . , y N -i)f(yi, VN-i)dyi ■ ■ ■ dy N - X 



(4.12) 
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where 

Q$ r, (x 1 ,...,x N ;y 1 ,...,y N -. 1 ) := 

(4.13) 



N N-l , N-l 



exp | ( J2 * ~ E w) - ^ E + e """ +1 ) 



8=1 j=l i=l 



Lemma 4.1 The following intertwining relation holds: 

A N {u) o Qf ) = (u - v)Q™ o Ajv_i(u) , (4.14) 

JV-1 

where Ajy_i(u) := (— l)"'M Ar ~ n ~ 1 .£^ Ar_1 ' ) £/ie generating function for the Hamiltonians of 

n=0 

i/ie AT — 1 particle open Toda chain acting as a differential operators in variables y±, . . . , yN-i- 
Proof. The proof is similar to the proof of Theorem 2 in |Gij (see also fJK j). 



Proposition 4.2 Let ^ (Tjv-1,1, . . . , Tn-^n-i) ^ e ihe eigenfunction of the N — 1 
particle open Toda chain. Then the function 

^...,x n (Tn,i, ■ ■ .,T n ,n) = (QiyitXjiTN,!, . • ■ ,T NjN ) (4.15) 

is the solution of the N particle open Toda chain depending on coordinates Tjv,i, • • • ,Tn,n- 
Here the integral kernel of the operator is defined by 



exp 



Qx^(Tn,i, ■ ■ ■ , Tn,n', 7jv-i,i • • • , 7jv-i,jv-i) — 
if ( E T ^ - E T ^-m) - \ E (e^"^" 1 " + e^-M-^ 

i=l i=l i=l 



(4.16) 



Proof. Assume that the function *| _ (T/v-i,i, • • • , T/v-i,jv-i) satisfies the equation 

A^-iCtt)*^-^-! = nKfa - Afc)*i?zVi- Usin s <ra with m = A ^ ° ne ° btains 

that the function (|4.15|l satisfies the equation A N (u)^^ Xn = Yl^ =1 (u — ^k)^^ \ ■ ■ 



Corollary 4.1 The integral representation il.fy) . J7~3J) can be obtained by iteration of the 
recursive relation fl^.i<5| ). 

Finally note that the recursive operator Q introduced above is closely connected with 
the Baxter Q-operator of the periodic Toda chain |PGj . The kernel of the operator Q is 
obtained form the kernel of the Baxter Q-operator by dropping out the terms corresponding 
to the "interaction" of the first and last nodes of the Toda chain. Moreover, the elementary 
blocks of the parameterization of the unipotent matrices introduce in Section 2 also have 
counterparts in the Baxter Q-operator formalism (see e.g. eq.(54) in |Sk2j ). 
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5 On a generalization to infinite and periodic Toda 
chain 



The Gauss-Givental representation of the open Toda chain wave function seems to imply 
a natural generalization to the case of the infinite and periodic Toda chain wave function. 
The details of this generalizations will be discussed elsewhere. In this section we discuss the 
formal expressions arising in this case. For simplicity we will consider below only the case 
of zero eigenvalues Aj = of the Hamiltonians. 

Let us start with the infinite Toda chain. The quantum Hamiltonians of the infinite Toda 
chain are obtained by taking the formal limit iV — > oo of the finite open Toda case (see for 
example |Sklj ). Thus the first nontrivial Hamiltonian is given by 

i=— oo 1 i=—oo 

It is natural to guess that the generalization of the integral representation for the common 
eigenfunctions of the commuting set of Hamiltonians for the infinite Toda chain is given by 
the appropriately defined limit iV —>■ 00 of the Gauss-Givental integral representation 

00 00 



CO 



e^^fl J] dT kji , (5.2) 

k=l i=-oo 

where the function T^iT) is given by 

00/00 

J**>\T) = - [Yl ^ Tk - 1 ' i ~ Tk ' i + e Tw_T *- 1 ' <+1 ) , (5-3) 

k=l \i=— 00 i=— 00 / 

and the cycle T is a semiinfinite-dimensional submanifold in the infinite-dimensional complex 
torus with coordinates {e T *'J'| k e N, i G Z}. Note that we relabel the variables T^^ to take 
the limit iV — >• 00 properly. 

Similarly one defines the formal integral representation for the periodic Toda chain. It is 
well known that the Hamiltonians of the N particle periodic Toda chain can be obtained from 
the Hamiltonians of the infinite Toda chain by imposing the periodicity condition Xi + N = x^. 
Thus the first non-trivial Hamiltonian is given by 

h 2 N f> 2 N 

^ = -yS^ + S e ^ +1 ' (5 ' 4) 

i=l 1 i=l 

and xn+i — X\. It is natural to guess that similar factorization works on the level of the 
integral representation. Thus we get formally 

„ 00 N 

^ r k=l i=l 
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where the function T( per ){T) is given by 

oo / N N \ 

jriver)^ = _ e Tk -^~ Tk - + e Tk >*- Tk -^ , (5.6) 

k=i \i=i i=i J 

where we assume Tk^N+i = and the cycle T is a semi-infinite dimensional submanifold 
in the infinite-dimensional complex torus with coordinates {e TfcJ | h G N, % — 1,...,N}. 
Although these integral representations are rather meaningless, they seem reveal the im- 
portant properties of the solution. For example the infinite number of integrations in the 
periodic case is a manifestation of the integration over the "positive part" of the loop group 
LGL(N, K) which is a formal analog of the unipotent upper triangular matrices in the affine 
case. 

Let us note that the formal expressions (|5.2j) and (|5.5|) have an interesting interpretation 
from the point of view of the recursive relations discussed in the previous section. Consider 
the formal limit N — > oo of the integral kernel of the recursion operator in the case of the 
infinite Toda chain 

g( 00 )(T M ,r fc _ M ) = exp|-i J2 (e T ^- T '.He r ^ i+1 ) . (5.7) 

^ i=— oo J 

It is easy to see that the integral operator defined by this kernel function commutes with 
the Hamiltonians and is a particular example of the Backlund transformation. This kind 
of transformations for infinite Toda chain defined by the integral kernel ()5.7)1 was studied 
previously in detail jTl. Similarly in the case of the periodic Toda chain we have that 



Nj 



I N 



(5i 



i=i 



where we assume T^ j+jy = ti and Tfc_ lji+ jv = T^x^. As in the case of the infinite chain the 
corresponding integral transformation provides an example of a Backlund transformation 
for the periodic chain. Exactly these transformations were considered previously in |Gaj . 
(ESI j |Sk2] - Taking into account the explicit expressions (J5.7j) . (J5.8|) for the kernels the 
integral formulas (|5.2|) and ()5.5)1 can be also interpreted as follows. Let us apply K times the 
integral operator with the kernel ()5.7|) to the constant function. It is easy to see that when 
K — > oo the resulting expression tends to the one given by the integral formula ()5.2j) . This 
is consistent with the fact that the action of transforms an eigenfunction of the infinite 
Toda chain Hamiltonians into another eigenfunction. Completely similar picture holds for 
the periodic case. 

Finally let us mention that the solution for the common eigenfunction of the Hamiltonians 
of the periodic Toda chain has already appeared elsewhere |KL2j . |KL3j . It is given by the 
finite-dimensional integral with rather complex integrand. Hopefully it could be obtained 
after an infinite number of the integrations from an appropriately defined formal integral 
representation (j5.5J) . 
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6 Conclusions 



In this paper we have proposed an interpretation of the solution of the open Toda chain given 
in |Gij (see also |.TKj ) in terms of representation theory. This leads to a particular realiza- 
tion of the principal series representation of U(qI(N)) in terms of the differential operators 
acting on the space of functions defined on the subspace of the totally positive unipotent 
upper-triangular matrices. The resulting representation is very close to the representation 
constructed (rather implicitly) in [BFZ j which is based on the standard factorization of 
the unipotent upper-triangular matrices into the product of the elementary Jacobi matrices. 
Note that the representation of [BFZ] can be generalized to the case of an arbitrary semisim- 
ple Lie algebra. Explicitly the parameterization is given in terms of the matrix elements of 
the fundamental representations (see e.g jED- This implies that the Gauss-Givental repre- 
sentation discussed in this paper may be also rather straightforwardly generalized to the case 
of an arbitrary semisimple Lie algebra. Let us remark that the concept of the total positivity 
was generalized to the case of an arbitrary semisimple group by Lusztig (see |Luj for details) 
in connection with the study of canonical bases. It is interesting that the same concept 
seems to play an important role in the choice of the proper coordinates for the construction 
of the Gauss-Givental representation proposed in this paper. 

The connection between the Baxter Q-operator and the recursion operator discussed in 
Section 4.2 provides a simple construction of the Givental type integral representations for 
the common eigenf unctions of Hamiltonians for a wide class of the models (e.g. XXX and 
XXY open chains). These applications will be discussed elsewhere [GKLQ2]. Also note that 
the integral representations of the wave function of the periodic Toda chain corresponding 
to the affine algebra gl N provides an interesting description of the correlators in the Landau- 
Ginzburg topological model. Mirror symmetry predicts that on the other hand one gets the 
description of the Gromov-Witten invariants of the affine flag manifold. 

Finally one should say that there is a generalization of the results of this paper to the 
case of the quantum groups and the centrally extended loop algebras. We are going to 
discuss various generalization of the Gauss-Givental representation constructed in this paper 
elsewhere. 



A Appendix A 

In this appendix we give the proof of the Proposition 12.11 We will organize our calculations 
in two steps. First we use the recursive structure of (|2.3|) and obtain recursive formulas for 
generators E^' and E^ 1 in terms of y^. Then, changing variables and rewriting the 

recursive relations in variables T^, we solve them to obtain the final form of the generators. 



15 



A.l The case of E^}, 

In order to find an explicit form of the generators in the variables yi : k we use the 

following commutation relations between elementary unipotent matrices: 

N-i \ 
1 + V N ~hi ' e M+i I + e ' e ij+i) = 



(a.i; 



2/JV-a 



where 



/ Vn-ij-i 
Vn-ij-i - Vn-ij-i 



Vn-1,3 (A.2) 
Vn-ij = Vn-1,3 + e, y^_ Xii = i=£j-l,j. 

Using the decomposition ([2.3)1 . definition (|2.5|) and the relation ()A.1|) it is simple to check 
that, in variables y it j, the generators obey the following recursion relation: 



,,,-u , / g , <> \\ ,, , (A -' ,,! 

-^i-Li - yjv-i,i 2/iV-i,i-i^ + VN-ifia f(x). 

VN-\,i V oyN-i,i-i oyN-i,iJ J 



VN -l,i-l jp(N-l) -1 



Resolving the recursion procedure we obtain: 



i — l k r, k 



g(N) _ \^ TT UN-s,i-s 9 "1 j" UN-(s+l),i-{s+l) d 

fbj 7 = o 2/JV-s,i+l-a ^VN-l-k,i-k 2/iV-(s+l),i-s 1— ife,i— 



^ ^ J ^ ^ gTjv+ s _i jS — Tjv+s-i-l,s j y 



fc=l \ s=/c 

Here we have used: 



9 9 



(A.4) 



d J^-y d 

°%>,n 01 p -k+l,n-k+l 



A.2 The case of E { J ] 

For the Cartan generators we get the same type of recursion procedure in the variables y^: 

V oyN-i,i-i oyN-i,iJ 

E ( N N) N f(x) = (rfp+y^^—!* )f( X ), (A.7) 

OUn-i,n-i 
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using the following relation: 

AT-l \ 

1 + Vn-i,* ' e i,i+i (1 + £ • = (1 + e • e^-) ( 1 + ^-M ' e M+i 



AT-l 



i=l 



where 



Vn-ij-i = Vn-ij-iO- + e), J/^r-ij = 2tor-ij(l + e) \ 
Resolving recursion relations one can find 



i-l 



5 



AT-l 

E 



5 



, a 9TN+k-i,k T^. dTk,; 



(A.8) 



(A.9) 



(A.10) 



A.3 The case of 

In this case the same line of reasoning leads to the following recursion expression: 

f /x _ ( P (JV-1) , / 'p(JV-l) p(AT-l) 

^i+i,iJK x ) - + VN-i,i - 



J i+l,i+l 



d d 

l)N-l,i I UN-XA-R 1 - Z/iV-l.i+l" 



oyN-i,i dy N ^ 1)i+ i 
Resolving the recursion procedure and using (jA.lOJ) one obtains: 

AT-l 



E, 



(AT) 



E 

fc=i 
fe-i 

Vh,i sXVsa-i 
s=l 



, (TV) (AT)x ( ® ® > 



dy, 



k,i+l 







_d_ d 

oy S A-i oy s ,i oy s , i+1 



N-l 

E' 

k=l 



3 (T M -T fc+1 , i+1 ) (N) _ (N) 
H'i H'i+l 



+E 



d 



d 



s= \ \dT s ,i+i dT s , 



(All) 



(A.12) 



Notice that the generators e\^\ E^^, i^+f 1 , written as differential operators in terms of 
yk,i has a natural recursive structure. However the variables Tj^j are more appropriate when 
the problem of solving the equations on Whittaker vectors arises. 



B Appendix B 

In this Appendix we give the proof of the Proposition 13. 11 To derive the explicit expressions 
for the Whittaker vectors ipi,R we use the iteration over the rank of the algebra qI(N). 
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Consider the twisted generators of the algebra gl(N) 

i-l a N-l a 



= E(E^---- T " + *-'-")(^ =^ )• (B.2) 

3S& = - pj"! + £ (-*- - ,(B.3) 

that are related with the generators (|2.1j) as follows 

^) = e -< ) ^fe< ) . (B.4) 

To reveal the recursive structure it is useful to modify the generators and 
separately 

%+l l-R J ^i.i+li^ J l B - 5 J 



where the operators are defined as 



ft , V 



n-l 



,i=l i=l 



Eo 



"- 1 "1 V (Mt 

s t(»-0 £ ,T B , i -r„_i, j I - ''• 1 ' 



g-<-Tl,l -<-7l — 1,2 ^ g2=l 



and 



n— 1 n— 1 ,-, n i— 1 o 



=<»» -«p{-E^£^- + g T„ g 



x 



i=l fc=l i=2 fe=l 

' n-l 



exp 



i=l 



{n— 2 n— 2 n-l i— 1 

Here n = 1, . . . , N and we also set = 1. We have the following relations 

3 TjV-l,i — TjV,i+l . ^ _ 



e 



(B.7) 



AT-1 ^ AT-1 ^ \ (B.9) 



fc=i ' k=i— 1 
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and 



3 Tn i— Tjv_i j ( p ^ £•(*) "\ 
/'\ ; ,-/\ j.;. i f?M_tM\ _ I V — V 



JV-l rv AT-1 „ 



(B.10) 



k=i K ' 1 k=i+i 



Lemma B.l The equations 

E^ ] =^\ (i = l,...,N-l), (B.ll) 

mi^^e-'W, {i = l,...,N-l). (B.12) 
admit the following solution 

^>==^-« = EW...4 2 >.l, (B.13) 

^ = 4^-') = 5f...3f.l. (B.14) 

Proof. The statement follows from the recursion representation ()B.9j) and (jB.lOJ) for the 
generators. ■ 
Now the Whittaker vectors (|3.5|) and ()3.6|) are obtained as follows 

m = (B.i5) 
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